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A THIRD-ORDER AND A FOURTH ORDER 
ITERATION PROCESS FOR NON-LINEAR EQUATIONS * 
H. A. Luther and A. R. Crawley t 
1. Int roduct ion .  There a re  two pa ths  a v a i l a b l e  f o r  t h e  c o n s t r u c t i o n  
of high-order i t e r a t i o n  processes  f o r  so lv ing  non-l inear  equat ions .  
A usua l  approach, and f o r  most purposes probably t h e  b e s t  approach 
is t o  u s e  a r e c u r s i v e l y  formed i t e r a t i o n  func t ion  (See [l], p. 168). 
I n  t h i s  procedure,  t o  approximate t h e  ze ros  of f ( x )  w e  need t o  u s e  
va lues  of f ( x )  and f ( l ) ( x ) ,  bu t  no h igher  d e r i v a t i v e s .  
f u r t h e r  f u n c t i o n a l  s u b s t i t u t i o n s  are used. 
In s t ead ,  
An a l t e r n a t i v e  i s  t o  use  d e r i v a t i v e s  beyond t h e  f i r s t .  Normally 
t h i s  could be  expected t o  become involved,  a t  least  f o r  systems of 
many s imultaneous equat ions .  There are,  however, a p p l i c a t i o n s  f o r  
which t h e  va lues  of high-order d e r i v a t i v e s  are e a s i l y  obtained.  
such problems, t h e  technique ou t l ined  i n  t h e  next  s e c t i o n  seems of 
r i n t e r e s t .  
t o  b u i l d  t h e  Newton-Raphson second-order i t e r a t i o n .  
c e r t a i n  func t ions  involv ing  a l s o  second-order d e r i v a t i v e s ,  w e  
b u i l d  a th i rd-order  process .  By adding c e r t a i n  func t ions  involv ing ,  
in a d d i t i o n ,  th i rd-order  d e r i v a t i v e s ,  w e  b u i l d  a fourth-order  process .  
A program has been w r i t t e n  making any choice  ( a s  w e l l  as a f i r s t -  
o r d e r  process)  a v a i l a b l e  f o r  any system of equat ions  f o r  which t h e  
r e q u i s i t e  d e r i v a t i v e s  can be evaluated.  
For 
Herelf i rs t -order  d e r i v a t i v e s  are  used i n  usua l  manner 
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2. Procedure and Proof of Convergence. L e t  S be  a simply-connected c losed  
r eg ion  of n-dimensional Euclidean real  space R . 
be  an i n t e r i o r  po in t  of S. L e t  x = 
+ - +  + t  
f ( x )  = [ f l ( z )  f2 (z )  . * .  f (x ) ]  
n -+ t 
L e t  y = [y, y2 a - 0  yn] 
-+ 
xnI t ,  and l e t  
be  a v e c t o r  valued func t ion  from S t o  Rn 
LX1 x2 
n 
- + +  
f ( x ) ,  l s r , s , t , u r n ,  t o  be  + - +  a 4  ax ax ax ax such t h a t  f ( y )  = 6. Require r s t u  
-+ 
S. We w r i t e  t h e  mat r ix  J ( x )  = cont inuous i n  
t h e  row index 
s i n g u l a r .  We 
+ +  -+ 
(1) g(x)  = x 
1 
-+ 
and j t h e  column index. W e  r e q u i r e  J ( y )  t o  be  non- 
d e f i n e  
Here 
and 
w h i l e  
r 
Here r i s  t h e  row index,  and s i s  t h e  column index. 
Also, 
+ - +  - + - + t - l - + t 1 + +  -+ t -1 -+ t 2, -+ 
@(x)  = [ f ( x )  J (x) @(x) $(XI J (x) @(x)  * * *  
+ t -1 -+ t n+ -+ t 
h X >  J (XI @ ( x > l  
nS@(a 1 9 
where 
1s + "Z(X'> = [ @(X) 2s@(x'> 
whi le  
-+ -+ t -1 -+ t rs - I + + - ?  
9(;) = f ( x )  J (x) C(x') J ( x ) f ( x )  rs 
Here i is t h e  row index, and j is  t h e  column index. 
Moreover 
where 
-+ -+ -+ -+ 
L e t  61(x), 6,(x), 63(x) ,  and 6 (x)  be  real  valued func t ions  such t h a t  4 
-+ -+ 
0 < 1 5 ~ ( x )  < 2 and c ~ ~ ( x ) ,  i = 2 ,  3 ,  4 ,  are a r b i t r a r y .  
Define a n  i t e r a t i o n  process  by 
;(k+l) -+ - ( k > ) .  
Then i f  is  "near enough'' y ,  i t  i s  t r u e  t h a t  l i m  x = y. 
= g(x 
-f +(k) -+ 
k- 
Moreover, i f  0 < 61(x) 2 and 6 i (x) ,  i = 2,  3,  4 ,  are a r b i t r a r y ,  t h e  
process is l i n e a r .  if 6 (XI = 1, the process i s  quadra t i c .  I f  
6 (x) = 6 (x) = 1, t h e  process i s  cubic .  I f  6 . (x)  = 1, i = 1, 2 ,  3,  
4 ,  t h e  process  i s  f o u r t h  order .  
PROOF 
1 
1 2 1 
By Tay lo r ' s  Theorem, 
-+ 
where hiikm(z) is  
L 
given by 
f , ( t  + on(; - t))  , 0 < 0 < 1. i I d ... ax.ax.ax ax i j k m  
J 
Note that . 
Then (3) becomes 
+ +  + + + I + +  
(4) f ( x )  J ( x ) ( x  - y) - 7 L(x) 
+ +  a 3  f (x) + t,(Z, ax ax ax 
i j k  
where R (x) is  a vec to r  made up of terms of f o u r t h  o rde r  i n  t h e  xi - yi. 1 
I f  w e  t a k e  t h e  second term on t h e  r i g h t  s i d e  of (1) and 
s u b s t i t u t e  (4) 
( 5 )  61(G)J ( x ) f ( x )  = fil(:){(t - ;) - 7 J (x)L(x) -1 + + + 1 - I + + +  
+ +  
i - Y i '  where R (x) con ta ins  only terms of fou r th  degree i n  t h e  x 11 
I f  w e  t a k e  t h e  t h i r d  term on t h e  r i g h t  s i d e  of (1) and 
s u b s t i t u t e  (4) 
-+ 
where $ (x) con ta ins  only terms of f o u r t h  and h igher  degree i n  t h e  12  
I .  
' 
I f  w e  t a k e  t h e  f o u r t h  term on t h e  r i g h t  of (1) and 
s u b s t i t u t e  ( 4 )  
a 
+ 
where 8 (x)  con ta ins  only terms of f o u r t h  and h igher  degree i n  t h e  1 3  
x - .. 
i 'i' 
xi - Y i '  
Combining (l), (5), ( 6 ) ,  ( 7 ) ,  and (8) w e  o b t a i n  
where 
whose e n t r i e s  con ta in  only terms of fou r th  and higher  degree i n  t h e  
x - yi. I f  w e  choose 6i(x) = 1, i = 1, 2 ,  3 ,  4 ,  (9)  becomes i 
+ +  + + +  
(10) g(x)  - Y = R(x) 
+ 
1 I f  J ( y )  i s  not  s i n g u l a r ,  t h e r e  e x i s t s  a c losed  reg ion  S 
having y as an  i n t e r i o r  po in t  such t h a t ,  f o r  x E S J ( x )  is  not  
s i n g u l a r ,  and t h e  c o e f f i c i e n t s  of t h e  terms of t h e  form (xi - yi) 
(x j  - yj)(xk - pk)(x, - ym) i n  R(x) sre bounded. 
+ + 
1' 
+ +  
I f ,  f o r  a column 
+ + 
v e c t o r  z with  elements zi, by I IzI I w e  mean max I z .  I ,  i t  fo l lows  t h a t  




Induc t ive ly  i t  i s  seen t h a t  
E: s,. + (k+l) and x 
I 
Thus l i m  $k) = 3 and (1) i s  a f o u r t h  o rde r  process .  
k- 
I f  0 < 61(z) < 2 and 6i(x) ,  i = 2 ,  3 ,  4 ,  are  a r b i t r a r y ,  (9)  
+ 
becomes 
+ +  -+ 
g (x)  - y = (1 - dl&) (;: - 3)  + ?$) 
+ . +  
where T (x) con ta ins  only terms of second and h igher  degree i n  t h e  1 
x - yi. I n  a manner similar t o  t h a t  above, (1) can be  shown t o  be  i 
a f i r s t  o rde r  process .  
+ + 
If 61(x) = 1 and di(x) ,  i = 2 ,  3 ,  4,  are a r b i t r a r y ,  (9) becomes 
- + +  + + +  
g (XI - y = T p  
+ +  
where T (x) con ta ins  only terms of second and h igher  degree i n  t h e  2 
x - yi. 
a second o r d e r  process .  
I n  a manner s imilar  to t h a t  above, (1) can be  shown t o  be  i 
+ + + + 
I f  61(x) = 62(x) = 1 with  6 (x) and 6,.(x) being a r b i t r a r y ,  (9) 3 * 
becomes 
+ - +  + + +  
g (XI - y T3(x) 
+ +  
where T (x) con ta ins  only terms of t h i r d  and h igher  degree i n  t h e  3 
x - yi. I n  a manner s i m i l a r  to  t h a t  above, (1) can be shown t o  i 
b e  a t h i r d  o rde r  process .  
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